This method is known as an active "anti-disturbance" strategy where the lumped disturbances from various sources are estimated by a disturbance observer (DO) and then incorporated into a nominal controller to compensate for their adverse effects [1] [2] [3] . A preliminary study has demonstrated the disturbance rejection ability of this control strategy on a small-scale helicopter [4] .
The classical disturbance observer, such as that shown in [4] , is constructed given that all the system states are measurable, but this assumption may not be true for systems like helicopters. To damp the fast dynamics and improve the stability of a scaled-down helicopter, the main rotor is commonly augmented by the Bell-Hiller mechanism which provides a derivative feedback for roll and pitch responses. In general, the main rotor dynamics can be characterised by two flapping angles. For a small-scale helicopter with a rigid rotor head, such rotor dynamics represent a lumped flapping effect primarily introduced by the Bell-Hiller flybar and are therefore more significant [5, 6] .
Unfortunately, the flapping angles are not directly measured by onboard sensors, which leaves an open problem in control design. Some early studies tend to ignore the flapping dynamics and assume these angles can be directly controlled [7, 8] , but a common practice is to use the quasisteady approximation by setting the derivatives of flapping angles to zero [4, 9, 10] . Nevertheless, completely neglecting the transient response may degrade the control performance especially when flapping dynamics are relatively slow with the increased flybar diameter and weight. To this end, the output feedback control method is adopted based on the linear model [11, 12] . Another attempt reported in [13] develops an extended Kalman filter to estimate the flapping angles. However, the unmeasurable state still remains an open problem for the disturbance observer design.
To exploit the flapping dynamics in helicopter control design, this note proposes a novel disturbance observer design that extends the scope of the classical one to partial-state unmeasurable system. The unknown external disturbances and system states can be estimated simultaneously and asymptotically. Although this information can be incorporated into many conventional controllers to enhance robustness [3] , the recursive backstepping method is employed as a baseline controller due to the cascaded structure of helicopter dynamics. In this work, command filtered backstepping (CFBS) [14] is adopted. Compared to the standard backstepping, the CFBS introduces command filters that not only eliminate the tedious analytic derivative computation of virtual control signals, but also impose physical constraints on them if necessary. The design procedure of the composite controller for a small-scale helicopter is detailed in this note and its performance is demonstrated in a demanding trajectory tracking scenario. It should be noted that although demonstrated on a small-scale helicopter in this note, the disturbance observer technique can be readily applied to other aircraft to improve control robustness.
II. Helicopter Model
The flight control design is based on a general mathematical model of small-scale helicopters.
Its six degrees-of-freedom rigid-body model can be represented as [4, 10] 
where is a skew-symmetric matrix (see [4, 10] ).
The external force F and moment M in (1) are normalized by helicopter mass m and inertia matrix I, respectively. They are composed of two parts: one is the force F 0 and moment M 0 dominantly generated by the main rotor and the tail rotor, and another is the lumped disturbances originated from other force and moment contributions, such as wind turbulences and parameter uncertainties, denoted as force disturbance d F and moment disturbance d M , respectively. The complete expressions are [4, 5] :
where T is the main rotor thrust controlled by collective pitch u col , and u ped is the pedal input. The main rotor flapping angles a and b denote the tilt of the rotor disc along longitudinal and lateral axes, respectively. For small-scale helicopters, a flybar with small airfoils attached is mounted at 90-degree to the main rotor blades, which is used to damp the cyclic inputs (u lon and u lat ) and enhance the stability against gust. Following the modelling methods introduced in [4, 5] , the flybar dynamics can be lumped into the main rotor flapping dynamics which can be expressed as 
or compactly,β = A 1 β + A 2 ω 2 + Bu cyc where τ is the effective rotor time constant which includes the flybar effects.
The full helicopter dynamics are characterised by the rigid body model (1), the forces and moments (2), and the flapping dynamics (3). Since the flapping dynamics, reflected in the horizontal motion, are the main focus of this note, only the control design for the longitudinal-lateral dynamics will be discussed. Therefore, extracting the relevant longitudinal-lateral dynamics yields the cascaded system:
where
For a particular helicopter, the derivatives
, and effective rotor time constant τ can be acquired from system identification.
III. Disturbance Observer Design
Since there is no onboard sensor to measure the flapping angle β directly, it is usually approximated by using the quasi-steady form
which can be found in many prior helicopter control designs [4, 9, 10] . It can be seen that the transient response has been ignored in this approximation. Therefore, if an accurate estimate of the flapping angle can be provided to the feedback design, the control performance would be improved [13] . On the other hand, small-scale helicopters are susceptible to parameter uncertainties and external disturbances, which may also degrade the flight control performance. Hence, estimating the flapping angle and lumped disturbances simultaneously and incorporating the estimates into the feedback controller provide a promising way to enhance the flight control performance. However, the classical nonlinear disturbance observer, e.g. [1] , is incapable for partial-state unmeasurable systems with external disturbances, such as subsystem (4), which in turn motivates a new disturbance observer design.
The basic principle of disturbance observer design [1] [2] [3] is that an internal state with carefully designed dynamics is introduced for the lumped disturbance estimation. Inspired by this, an additional internal state for the unmeasurable state is introduced so that the novel disturbance observer for flapping angle β and roll and pitch moment disturbance dM is proposed as
whereβ anddM are the estimates of β and dM , z 1 and z 2 are the internal states of the observer, and l 1 (ω 2 ) and l 2 (ω 2 ) are the observer gains derived from functions p 1 (ω 2 ) and p 2 (ω 2 ), such that
Different from all prior work in the disturbance observer design, the observer (6) estimates not only the unknown lumped moment disturbance dM but also the unmeasurable state flapping angle β.
To establish the stability property of the proposed disturbance observer, estimation errors need to be examined. Defineβ = β −β anddM = dM −dM as the corresponding estimation errors.
Under the assumption that the disturbance dM varies slowly with respect to the observer dynamics (i.e.,ḋM ≃ 0) [1] , differentiatingβ anddM and incorporating the system dynamics (4) yields the estimation error dynamics:
After the estimatesβ anddM have been obtained, the force disturbance dF in Eq. (4b) also needs to be estimated noting that it can be incorporated into the system whose entire states are measurable. The disturbance observer for dF is designed as
where z 3 is the internal state,dF is the estimate for dF , and the observer gain is determined by
∂V2 . This form is identical to the classical one proposed in [1] . Under the assumption that the disturbance dF is slowly time varying (i.e.,ḋF ≃ 0), the time derivative of the estimation
T F ] T and combining Eqs. (8) and (10), the full estimation error dynamics are governed byḋ
The asymptotical stability of error system (11) can be guaranteed if the system matrix Ξ is a
Hurwitz matrix continuous in all fixed ω 2 and V 2 [15, Definition 2.1 and Procedure 4.1]. That is, the observer gains l 1 (ω 2 ), l 2 (ω 2 ), and l 3 (V ) are selected such that the two diagonal blocks of Ξ are Hurwitz stable for all fixed ω 2 and V 2 . Usually, the observer gain is chosen to be constant but nonlinear gain design is also possible. In this work the observer gain matrices are selected as
where k i ∈ R + , i = 1, ..., 6 are the observer gain parameters. By integrating the observer gains listed in (13), the corresponding observer functions are obtained as
and
The established stability of the error system (11) means that the estimateŝ β,dM , anddF can approach their actual values β, dM , and dF asymptotically regardless of the control inputs. These estimates will be incorporated into a feedback control strategy to enhance the control performance.
IV. Estimation Enhanced Command Filtered Basckstepping Control
In this section, the command filtered backstepping approach is selected to design a control law for the tracking control of the helicopter. The longitudinal-lateral subsystem (4) is a fifth-order system so that a five-step backstepping controller is built to generate the cyclic input u cyc to make the helicopter track the pre-defined reference horizontal position
Applying the CFBS algorithm introduced in [14] to this subsystem results in the control laws:
, and β d are the desired virtual control signals that are used to control the horizontal position, horizontal velocity, roll and pitch angle, and roll and pitch rate, respectively. c (·) ∈ R + are the control gains. The tracking errors are defined as by virtual control signals through command filters so that these relationships can be expressed as
. CF denotes the command filter which is a second-order low-pass filter to produce the command signal and its derivative satisfying the magnitude, rate and bandwidth constraints [14] .
The use of the command filter produces the difference between the command filter output and the desired virtual control signal due to the filter dynamics and constraints. For example, supposing that V 2,c is the command filtered version of the desired virtual control signal V 2,d , their difference
denotes the unachieved portion. The effects of these unachieved portions can be removed from the tracking errors δ (·) by constructing the compensating signals ξ (·) , the dynamics of which
where ξ β = 0. The compensated tracking errors are defined asδ (·) = δ (·) − ξ (·) . By combining (4), (14) , and (15), the time derivatives of the compensated tracking errors are calculated as 
The disturbance estimatesdF yielded by (9) anddM by (6) are incorporated in (14b) and (14d) to compensate for the influences of disturbances dF and dM . As the flapping angle β is unmeasurable, it is replaced by its estimateβ obtained from (6) in the actual cyclic input (14e). Consequently, the estimation errorsdF ,dM , andβ are coupled with compensated tracking errors in Eq. (16).
The overall structure of the disturbance observer based command filtered backstepping controller, summarized by the set of Eqs. (6), (9), and (14), can be expressed in the block diagram shown in Fig. 1 .
Small-Scale Helicopter Rigid Body Dynamics
Eq. (4)ˆM The stability of the resultant closed-loop system developed in Section IV is now analyzed. First, the compensated tracking errors (16) can be written into the compact form:
Consideringd as the input to system (17), the remainingδ = Πδ is the original unforced system.
Tδ as a Lyapunov function candidate, the derivative of V along the trajectory oḟ Combining the estimation error system (11) and compensated tracking error system (17), the augmented closed-loop error system is expressed as
Since system (17), withd as input, is input-to-state stable and system (11) is globally asymptotically stable, then the augmented error system (18) is globally asymptotically stable by following [16, Lemma 4.7] . It should be noticed that it is the compensated tracking errorδ, not the actual tracking error δ, that converges to zero. However, Theorem 2 in [14] ensures that as the natural frequency ω n of the command filter increases, the performance of the command filtered backstepping can be made arbitrarily close to that of the standard backstepping using analytic calculation of derivatives.
VI. Simulation Studies
This section evaluates the performance of the proposed disturbance observer based command filtered backstepping. Comparison studies are carried out against the original CFBS controller. The original CFBS controller uses the quasi-steady approximation (5) to calculate the cyclic input from the desired flapping angle, which implies that it does not contain the last step (14e) of the proposed control scheme. In the simulation, the helicopter, starting from the origin, is set to track a square trajectory anticlockwise. The initial velocity is zero and the cruising velocity is up to 5 m/s with abrupt turns at each corners, which will excite large flapping motions. Throughout the maneuver the altitude and heading angle are controlled to remain constant.
The simulation is based on the numerical model of the Raptor 90 small-scale helicopter where the vehicle parameters can be found in [5] (see Table 1 ). The overall weight of the helicopter is 9.5 kg, the full length of fuselage is 1410 mm, and the main rotor diameter is 1605 mm. The designed controller and observer gains are given in Table 2 . Note that I 2 denotes a second-order identity matrix in the table. Because of the cascaded structural property of helicopter system and the timescale separation principle, it is natural to select the control gain of the former step larger than that of the next step. Moreover, the observer gains k 3 and k 4 are chosen relatively large to make the flapping angle estimation faster than the disturbance estimation. The command filter parameters used for the simulation are given in Table 3 . The magnitude and rate limitations are determined by the physical constraints of the state variables, and it is also natural to select a lower natural frequency ω n for the prior step.
To illustrate the benefits of estimating the flapping angles, the first simulation is carried out without adding external disturbances and parameter uncertainties. As depicted in Fig. 2(a) , the original CFBS controller and the disturbance observer based CFBS controller are tuned to achieve almost the identical trajectory. However, because the original CFBS controller ignores the transient response of flapping dynamics in quasi-steady approximation (5), a large gain in the last step (c w = 100I 2 ) has to be adopted to deliver sufficient flapping angle moments and to achieve the fast regulation. Another difference between the two methods can be seen in cyclic inputs u lat and u lon from Fig. 2(b) where the original CFBS controller shows chattering control signals while those of the disturbance observer based CFBS controller are much smoother. Therefore, incorporating the controller is visible in Fig. 3(a) while the tracking performance of the disturbance observer based CFBS controller is hardly affected by the disturbances and uncertainties. The difference between these two controllers is better revealed in the time history of the attitude angles in Fig. 3(b) . Compared to the top plot, the bottom plot shows oscillations, which implies that the helicopter achieves better attitude stability with the disturbance observer based CFBS controller than with the original CFBS controller. Moreover, Fig. 3(d) shows that the disturbances and uncertainties aggravate the chattering of the control signals. Especially in the fourth segment when the helicopter is flying against the wind along its right side, the oscillations of the attitude angles and control signals are much severer. In contrast, the disturbance observer based CFBS controller retains the smooth control signals as shown in Fig. 3(c) . Therefore, it can be concluded that the proposed disturbance observer based CFBS controller not only improves the control efficiency but also provides enhanced robustness against wind disturbances and parameter uncertainties. The global asymptotic stability of the closed-loop system is established through the cascaded system analysis using the input-to-state stability property. Simulation results show that the proposed composite control strategy achieves better tracking performance and robustness against parameter uncertainties and wind disturbances. However, the more significant benefits of using the proposed composite controller are the improvement of control efficiency, the reduction of demand on actuators, and the enhancement of attitude stability.
